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Rotation of a rigid diatomic dipole molecule in a
homogeneous electric field

III. New phase-integral quantization conditions, expected to be most
accurate when the magnetic quantum number is large or equal to
zero, expressed in terms of complete elliptic integrals: survey of their
accuracy
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By KirniaN LARSSON

Department of Theoretical Physics, University of Uppsala, Box 803,
S-761 08 Uppsala, Sweden

Some new quantization conditions for the energy levels of a rigid diatomic dipole
molecule in a homogeneous electric field of arbitrary strength, obtained by means of
a phase-integral method involving phase-integral approximations of arbitrary order
generated from two particular choices of the base function, are expressed in terms of
complete elliptic integrals in the first, third and fifth order of the phase-integral
approximation. One choice of the base function is especially useful for large absolute
values of the magnetic quantum number m. The case m = 0 is considered with
another choice of the base function, expected to be useful for small values of |m|. The
great accuracy of the energy levels, yielded by the quantization conditions, is
demonstrated for arbitrary electric fields in a number of diagrams pertaining to
different values of the quantum numbers. For very weak and very strong electric
fields explicit series expansions for the energy levels can be obtained from the
quantization conditions, and these expansions are compared with previously
obtained series expansions.

The investigation confirms that the phase-integral quantization conditions yield
very accurate eigenvalues for all values of the electric field strength.
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1. Introduction

This paper is the third in a series concerning the energy levels of a rigid diatomic
dipole molecule rotating in a static homogeneous electric field. In the first of these
papers (this Volume), which will hereafter be referred to as I, the historical
background concerning the energy quantization problem according to quantum
mechanics of a linear rigid polar rotator in a homogeneous electric field was outlined,
and the Schrodinger equation for that system was recalled. Furthermore, new
quantization conditions, valid for arbitrary strengths of the electric field, were
obtained by means of a phase-integral method involving a phase-integral
approximation of arbitrary order generated from an unspecified base function. In the
second paper (this Volume), hereafter referred to as 11, the case of field-free space as
well as the limiting cases of very weak and very strong fields were considered, and
for these cases the already known explicit expressions for the energy levels and their
applicability were reviewed in a lucid way.
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38 K. Larsson

In this paper a quantization condition given in I, for a particular choice of the
base function, which is particularly useful for large absolute values of the magnetic
quantum number, |m/|, is expressed in terms of complete elliptic integrals in the first,
third and fifth order of the phase-integral approximation. Furthermore, quantization
conditions for another choice of the base function, which is particularly useful for
sufficiently small values of |m|, are also expressed in terms of complete elliptic
integrals in the first, third and fifth order of the phase-integral approximation in the
case that the magnetic quantum number equals zero. For very weak and very strong
electric fields explicit series expansions for the energy levels can be obtained from the
above-mentioned quantization conditions, and these series expansions are compared
with the corresponding perturbation series. For arbitrary strengths of the electric
field the great accuracy of the energy levels obtainable from the original quantization
conditions is finally demonstrated in a number of diagrams; these diagrams also
facilitate subsequent use of the quantization conditions.

Briefly reviewing the physical problem (cf. §2 in I), we consider a rigid diatomic
molecule with a permanent electric dipole moment of the magnitude p. The moment
of inertia of the rigid diatomic molecule about any axis through the centre of mass
and perpendicular to the internuclear axis is denoted by I, and the polar angles of the
internuclear axis are denoted by & and ¢. When the molecule is situated in an
external static and homogeneous electric field of the strength F, which has the
direction corresponding to 9 = 0, the potential energy is given by the expression

V(cos¥) = —pF cos . (1.1)

If we introduce instead of the original wavefunction ¥ the new function i, defined
by
¥ = y(d)e'™? (1.2)

for integral values of the magnetic quantum number m, and define the dimensionless
quantities W and o by the formulas

21
21
=ﬁpF, (1.4)

where E is the energy, the Schrodinger equation for the stationary motion of the
linear rigid polar rotator takes the form

1 d d
[Smﬁdﬁ(smﬁdﬁ) s1n219+ W+wcosﬁ]¢ 0. (1.5)

The energy eigenvalue problem is to be solved with the boundary conditions that yr
must vanish for 4 = 0 and for 9 = «.
It was demonstrated in I that the transformation

z = cos?, (1.6)
= (1—22)iy (1.7)

Phil. Trans. R. Soc. Lond. A (1994)
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Rotation of dipole molecule. 111 39
reduces the differential equation (1.5) to the normal form
d®
@+R(z)v =0, (1.8)

W+wz 1—m?
where R(z) = 2 +(1—z2)2'

(1.9)

The eigenvalues of W are obtained by solving the differential equation (1.8) with the
boundary conditions that v be equal to zero for z = +1.

The differential equation (1.8) was the starting point for the phase-integral
treatment of the energy eigenvalue problem in I. This equation has as approximate
solutions the two linearly independent phase-integral functions (3.2) in I, i.e.

(4
v=q7(z) eXP(iif q(2) dz>, (1.10)
where, for the phase-integral approximation of the order 2N+ 1,
N
q(z) = Z ¥,,Q(2) dz, (1.11)
§=0

Q(z) being the unspecified base function, which is to be chosen conveniently. For the
definition of the first few quantities Y,,, see equations (3.4a—c) in I.

2. The base function

The square of the base function is conveniently chosen according to equation (3.8)
inl ie.

WH+itwz  4E
2(,) — 4 _ 0
Q(Z) 1—22 (1_z2)2’

(2.1)

where £, is a constant which can be chosen conveniently. As was pointed out in I,
there are two natural choices of £,, namely &, = 1|m| when |m| is sufficiently large, and
£, =0 when |m| is sufficiently small; for both these choices the phase-integral
approximation yields the exact energy eigenvalues if w = 0.

When &, = |m|/2 > 0: the expression (2.1) takes the form

_WHitez m?

Q*(2) 2 =P (2.2)
and with the aid of (1.9) we obtain
R(2)—Q*(2) = — C (2.3)

4(1—2%  (1—2%)%°

It is evident from (2.2) that @%(z) has second-order poles at z = + 1. When w > 0, the
function Q%(z) has three simple, real zeros and we conveniently write (2.2) in the form

(@—2) (z—b) (z—C¢)

Q) =w 1=y (2.4)

Phil. Trans. R. Soc. Lond. A (1994)
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40 K. Larsson

If W is an eigenvalue it turns out that a, b and ¢ satisfy the inequalities
c<—1<b<a<+1, [b<a. (2.5)
This is proved in Appendix C, where further estimates of ¢ are given as well.

When £, = 0 and w > 0: the expression (2.1) reduces to

—t
Q) = 01—, (2.6)
1
where t=— W:" : 2.7

Thus, in this case @2(z) has a simple zero at z = ¢ and simple poles at z = +1.

3. Phase-integral quantization conditions

In this paper we restrict the investigation to the case when &, = |m| > 0 and to the
case when £, =0 and m = 0. In the (2V+ 1)th-order phase-integral approximation
the energy eigenvalues of (1.8) are thus obtainable from the quantization conditions,
cf. equations (3.17), (3.18), (4.10), (4.116) and (4.12a) in I,

N
Y L = (Im|+n+d)n, & =3lm| >0, the casein figure 1, (3.1)

8§=0

N
YLD = (n+dHhn—4, £ =0 and m =0, the cases in figures 2 and 3,
§=0
(3.2a)
where n =0, 1, 2, ..., and

L@t = %f Z,, Q(2) dz (3.3)
A

with the first few Z,, given by the expressions (3.6a—c) in I. The quantity 4 in the
right-hand member of (3.2a) is a phase obtained by means of comparison equation
technique, and it is given by equation (4.3) in I. When ¢ in figure 2 moves towards
the left away from z = —1 or when ¢ in figure 3 moves towards the right away from
z = —1, the quantity 4 tends to the constant value in (cf. formulas (4.8") in I) and
then we can replace (3.2a) by its limiting form (cf. equations (4.12a, b) in I)

N
LD = (n+d)n, =0 and m =0, the casesin figures2and3, (3.2b)

§=0
where n =0,1,2, ....
(@) The case when &, =%|m| >0

The square of the base function, Q?(z), pertaining to the case when &, = 1|m| > 0
and w > 0, is given by (2.4) with the zeros a, b and ¢ subject to the conditions (2.5).
To define the base function ¢(z) completely, its phase must be specified. Thus, in
order to make @(z) single-valued, a cut is introduced along the real axis from z = — 0

Phil. Trans. R. Soc. Lond. A (1994)
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Rotation of dipole molecule. 111 41
—0%(2)

(@ \

(©)
Q=10 Q=-il0| 0=ilQ] 0=i|Q| 0 =-i|Q| Q=10
c-1 b al

Figure 1. This figure refers to the case when £, = |m|/2 > 0 and w > 0. (a) Graphical representation
of —@*(z), i.e. the negative of the square of the base function, defined according to (2.2). The
function Q?*(z) has second-order poles at z = +1 and three simple real zeros a, b and ¢ which fulfil
the inequalities (2.5),i.e. c <—1 <b < a < +1 and |b| < a. (b) The contour of integration 4 in the
complex z-plane introduced in (3.3). (¢) Phase chosen for the base function @(z). Cuts are denoted
by wavy lines.

to z = ¢ and along the part b <z < a of the real axis, where @%(z) > 0, and Q(z) is

defined to be positive on the upper lip of the last-mentioned cut (cf. figure 1). The

contour of integration 4 in (3.3) encircles in the negative sense the poles at z = +1,

as well as the turning points b and a, but not the transition point ¢ (cf. figure 1).
If we introduce the quantities

PR 150

e e L LA (3.4)

5L dREO-E)

T v (3.5)

we can conveniently write expressions (3.6a—c) in I as follows
Zy=1, (3.6a)
d

Zy= ﬁ(GBo_Az)_d_g(f_zAﬂ, (3.60)

1d
Z4 = —é(B(z)’—Az-Bo‘l'%Bz"'%Ag_%AlAa)+__

8d§(%_5A?+A1B0+%BI_%A1A2),

(3.6¢)
Phil. Trans. R. Soc. Lond. A (1994)
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42 K. Larsson
where = J Q(z) dz. (3.7)

The terms containing total derivatives with respect to { in (3.6a—) give no
contribution to the integral in the right-hand member of (3.3). Furthermore, the
expressions are given in a form in which the powers of Q(z), occurring in the
denominators of the remaining terms in (3.6a—c), are as low as possible; cf. (3.4) and
(3.5).

Since, according to (2.4), the base function Q(z) is equal to the square root of a
polynomial in z of the third degree without multiple zeros divided by 1—22, the
integral (3.3) can be expressed in terms of complete elliptic integrals. Adopting the
notations of Byrd & Friedman (1971), we denote the complete elliptic integrals of the
first, second and third kinds, defined by (A 1a,b), (A 2a,b) and (A 3a,b) in our
Appendix A, by K(k), E(k) and II(a?, k), respectively. The number k is called the
modulus, and «? is referred to as the parameter of the elliptic integral of the third
kind.

By a convenient transformation of the independent variable z, which will simplify
the calculation of # Y we introduce the jacobian elliptic functions sn, cn and dn,
defined according to (A 5), (A 6) and (A 7), respectively. Thus we put (cf. Byrd &
Friedman 1971, §236)

z=a—(a—b)sn?u, (3.8)

where we follow the convention of not indicating the dependence of the jacobian
elliptic functions on the modulus £, which in the present case is defined by

=0 (3.9)
a—c
Since according to (2.5) ¢ < b < a, the inequality
0<k*<l1 (3.10)

holds. It easily follows from (3.8), (3.9), (A 8) and (A 9) that the numerator of Q?(z)
in (2.4) transforms according to

(@a—2z)(z—0b) (z—c) = (a—b)*(@—c) sn®u cn®>udn®u, (3.11)
and analogously the square root of the denominator of @*(z) transforms according to

(1+2)(1—2) = (“_26)2(1—a§sn2u)(1—agsnzu), (3.12)
—ay %y

with the parameters a? and a2 defined by

2=a—b
ay o (>0), (3.13a)
. a—b
%= (< 0). (3.130)

With the aid of (3.9) and (3.13a, b) it is easy to show that

2(—aja})

a—b=k*a—c)= PR
1 2

(3.14)

Phil. Trans. R. Soc. Lond. A (1994)
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Rotation of dipole molecule. 111 43
By inserting (3.11), (3.12) and (3.14) into (2.4) we obtain
o _ O(—afa) (af—aj) sn?ucn®udn®u
© 2k? (1—oadsn?u)? (1 —aisn?u)?’ (3-15)
and by substituting (3.12) and (3.14) into (2.3), we obtain
pogo (o ) —atal
16(—a2ad)?\(1 —aisn®u)?(1 —aisn?u)? (1—oalsn?w)(1—alsn?u)/’
‘ (3.16)
Furthermore, by means of (3.8), (3.14) and (A 13) we obtain the operator identity
- 1 d
dz  4(—afad)snuenudnuduy’ (317

Although straight-forward, the calculation of % Y by means of (3.3), (3.4)—(3.7)
and (3.15)—(3.17) is lengthy, and the intermediate steps are far too bulky to be given
here. Up to the fifth order of approximation, the integrand in the right-hand member
of (3.3), when transformed to the variable u, turns out to be a sum of terms of the

type
S(sn®u, ecn?u, dn?u)
(1—oa2sn?u)? (1 —oal sn®u)?sn® wen® udn? .’

p=0,1;r=0,1,2,3, (3.18)

where S(sn®wu, cn®u, dn? u) denotes a polynomial in sn?u, cn?u, and dn?«. The main
problem is to decompose the integrand into partial fractions. To this end frequent use
is made of (A 8)—(A 15). All the resulting partial fractions yield simple integrals
which can be found in Byrd & Friedman (1971). It is convenient to define the
quantities

2 g2

(—o2a2 P\ K2 —al) ) {“?“g [K(k)—E(k)]
+[—(kP+1)af o+ k(o) +ad)| K(k)

| eA(l—ad) (—ad) ad(1 —aud) (k2 — z3)

al—oal ai—al

1 ( k(a2 — o)

ek k) + H(ocg,lc)} (3.19a)

g®(k,a},a3) =

3)5{(—(k2+ 1) a2 — (b — 42+ 1) (o2 + a2)

124\ 20(— o2 al)
+ (28 — 3k — 3k +2)) [K (k) — B(k)]
+ (202 02— (k2 +1) (a2 + o) — (k* — k% + 1)) k2K (k)} (3.19b)

1

k(a2 —a2)
g(s)(k,a%,ag) = 2880k/12( ! .

20(—ajog)?

)E{((mce — 298K — 1200k — 208K +2) o

+ (303K + 2385k® + 2385k + 303k2) od od (o2 + 02) — (168k12 — 774410 + 36064
— 62418 + 3606/ — TT4k? + 168) ol ol — (42412 — 186K + 1716k° + 2232k + 171644

—186k2 +42) a2 o2 (o2 + o2)? + (100814 — 4902412 + 9744410 — 474K° — 47445
Phil. Trans. R. Soc. Lond. A (1994)
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44 K. Larsson
+9744k* —4902k% + 1008) oc? o2(a + a2) + (56,14 — 271 k12 + 546k + 565k + 565%°

+546k4 — 27112 + 56) (o2 + o2)® — (1680k6 — 8328k + 16704412 — 1691410
+190924*

—16914k° + 16 704k* — 8328k* + 1680) af o3 — (1008k'6 — 4968k + 9858%*2
—9690£"°

+12960%° — 969045 + 9858k* — 4968%2 + 1008) (a2 + a2)? + (2688kS — 13 36841
+26703%

—26670k" + 13335k + 13335k% — 26 67045 + 26 703k* — 13 368k> + 2688) (o2 + 2)

— (1792%%° — 896048 + 18018k — 18 312k + 9744 %12 — 2772k + 9744 %8

— 18312k

+18018Kk* — 8960k + 1792)) [K (k) — B (k)] + (89K + 80TkA + 80TK? + 89) af o8

— (9048 + 1254 k5 + 2688k* + 12542 + 90) o} ag(oed + o) + (84 k™ + 59148 + 201348
+ 2013k +591k% + 84) af ouj + (2150 + 444 k8 + 222315 + 2223k* + 444 k*

+21) o2 ad(od +a)?

— (504" — 2388K° -+ 0204K® — 3888K° + 9204%* — 2388/ + 504) o o2 (02 + o)
(28K — 132410

+750k8 + 500k + 750%* — 132k* + 28) (af + a2)® + (840%™ — 4059k + 7884 k10
—1977k8

—1977k5 + 7884 k* —4059k* + 840) o2 a2 + (504 k' — 2421 k% + 4650k'° — 45k° — 45k°
+4650%*

— 2421k +504) (af + o3)® — (1344 — 6516%'% + 12600£*2 — 12030£° + 14 58048
—12030%°

+12600k* — 651642 + 1344) (a2 + o) + (896k® — 4368k + 8505k — 8274412
+ 4137k + 4137k

— 8274 k" + 8505k* —4368k>+ 896)) k2K (k)}, (3.19¢)
where £’ is the complementary modulus related to k by (A 10), i.e.
E?=1—k% (3.20)

We can then write the first-, third- and fifth-order contributions to the sum in the
left-hand member of the quantization condition (3.1) as follows

PO =gO(k, a2 al)+|m|T, (3.21a)
L =gk, a2 a), (3.210b)
PO = gO(k, a2, a?), (3.21¢)

which is a result of simple residue calculus, the quantities g®**V(k, a2, a2) originating
from evaluation of the integrals L®*V in I (cf. equations (3.14), (3.15) and
(3.17)~(3.19) in ).

Phil. Trans. R. Soc. Lond. A (1994)
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Rotation of dipole molecule. I11 45
Figure 2 -0%(2) Figure 3 -Q%(z)
(@) (@)
t -1 | z -1 t 1 z
(b) " _
A A ) ) A A
WL L N L N
(C) . . .
Q=10|Q=-ig| 2=|0| Q=iQ| o=10| Q=ilgl 0= Q=0

t -1 1 -1 t 1

Figures 2 and 3. These figures refer to the two different cases { <—1 and —1 <t < +1, which can
arise when £, = 0 and © > 0. In both cases the function ©?*(z) reduces to (2.6), and has thus two first-
order poles at z = +1 and a single simple real zero ¢t = —(W+1)/w. 2(a) Graphical representation
of —@?*(z) when ¢ < —1, which is the case when w is sufficiently small. 3 (a) Graphical representation
of —@%z) when —1 <t < +1, which is the case when w is sufficiently large. 2 (b) and 3 (b). The
contours of integration 4 and A in the complex z-plane introduced in connection with (3.3) and
(3.28) respectively. The part of 4 which lies on a Riemann sheet adjacent to the complex z-plane
under consideration is indicated by a dashed line. 2(c) and 3 (¢) Phase chosen for the base function
@(z). Cuts are denoted by wavy lines.

In (3.19a—c) the terms are arranged so as to reveal certain symmetries, and such
that the limiting cases when w tends to zero and to infinity can be obtained easily.
In both limits the modulus % tends to zero and then, according to (A 16), (A 17) and
(A 18a,b), the quantities K (k) — E (k) and k*K (k) are approximately proportional to k®.

By analogy with the quantization condition (3.2a) for £, = 0 and m = 0, which is
a special case of the quantization condition (4.114) in I, there is also another
quantization condition for §, =3|m| > 0, given by equation (4.11a) in I, which
contains a phase 4 of importance when ¢ is close to z =—1 (see figure 1). This
quantity 4 can also be expressed in terms of the quantities g®**V(k, aZ, a2), given by
(3.19a—c), with convenient choices of the moduli and the parameters. However, in
this paper we restrict ourselves to considering the simple quantization condition (3.1)
for & =1|m| >0, and we postpone the treatment of the quantization condition
(4.11a) in I to the following paper (IV).

(b) The case when &, =0 and m =0

When £, = 0 and @ > 0 the square of the base function, @?%(z), takes the simple form
(2.6), where ¢ is given by (2.7). Two separate cases arise, depending on whether
t <—1 (figure 2) or —1 <t < +1 (figure 3). For both these cases we have, if m = 0,
the quantization condition (3.2a) and its limiting form, the simple quantization

Phil. Trans. R. Soc. Lond. A (1994)
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condition (3.2b) with & @s*D) defined by (3.3), where A is now a contour of integration
encircling in the negative sense the points delimiting the classically allowed part of
the real axis, but leaving the third transition point (turning point or pole) outside the
contour of integration (see figures 2 and 3).

(i) The ZL-integrals

Although the base function for £, =0 is quite different from the one for
£, = 1lm| > 0 and so simple that calculations similar to those presented in §3a for
£, = 3lm| > 0 could be performed with much less effort, it is nevertheless still simpler
to obtain the quantities & @*V for £ =0 and m = 0 as limiting cases of the ones
pertaining to the case when £, = {|m| > 0, namely (3.21a—c). To this end it is possible
to obtain an expression for the square of the base function, @*(z), for £ = 0, which
is analogous to (2.4) pertaining to &, = 3|m| > 0, by multiplying both the numerator
and the denominator of the right-hand member of (2.6) by 1 —2z2%. The zeros a, b and
¢ of Q*(z), given by (2.4) for £, = 1|m| > 0, then have their counterparts for the case
&, =0 and m = 0. Consequently, new moduli ¥ and parameters a} and a? can be
defined, and by substituting the appropriate values of k%, a2 and a2 into (3.21a—c) and
letting m —>0, we obtain the quantities & ®$*D pertaining to the case £, =0 and
m = 0. Further details are given in Appendix B, where it is shown that the two
expressions for & ®5*1 pertaining to ¢t < —1 and to —1 <t < +1, respectively, can
be covered by a single expression (see (B 4a—c) with (B 3a,b)). In this section we
shall, however, give the separate results obtained by substituting the values of a2
given by (B 3a,b) into (B 4a—c).

When t < —1 the quantities ¥ ®5*V thus take the form

P = 2@—2’)512(10), (3.224)
L = ! ﬁ %{—(k2—2)[K(k) — E(k)]— k2K (k)} (3.225)
1252\ 2w ’ '
gor= LBV e a5y 1200 1 326 16) (K (k) — E(k)]
2880k¢ \ 2w
— (28K° — 69k + 105Kk2 —8) k2K (k)}, (3.22¢)
where k2=2/(1-1). (3.23)
When —1 <t < +1 the quantities ¥ ?**V analogously take the form
LU =220y {—[K(k)— E(k)] + k2K (k)}, (3.240)
1 1
@)= - - 2 __ _ 2
£ e (20))%{ (2k*—1) [K(k)—E (k)] + k2K (k)}, (3.24)
1 1
) — 8 __ 6 __ 4 2 __ _
L = s gy (108~ 32— 120K+ 1454 — 56) [K (k) — (k)
— (8K — 105k* + 69k — 28) k2K (k)}. (3.24¢)
where k= 1(1—1). (3.25)
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(ii) The n-integrals

When the turning point ¢, given by (2.7), is located close to the pole at z = —1 (cf.
figures 2 and 3) it is advantageous to use the quantization condition (3.2a) instead
of the simple quantization condition (3.2b). These quantization conditions have the
quantities £ @D given by (3.22a—) when ¢t< —1 and by (3.23a—c) when
—1<t< 41, in common. Furthermore, the quantity 4 in (3.2a) is obtained by
substituting £, = 0 and m = 0 into equation (4.3) in I. Using equations (4.3)—(4.5) in
I, we thus have in the (2N + 1)th-order of approximation,

N
A = in+arg FG+in)—gln|y|+ X 4%+, (3.26)
§=0
N
where 1=3 N (3.27)
§=0
with Nos = if Z,5Q(2) dz, (3.28)
2r ) ¢

A being a closed contour of integration encircling both ¢ and — 1 in the positive sense
(cf. figures 2 and 3). The quantities 4D in (3.26) are obtained by substituting
m = 0 into equations (4.7a—c) in I with the result

AV =g, (3.290)
A® = —1/(247,), (3.290)
A —_ Moy M T (3.29¢)

2y, 24n2 2880y

Despite the fact that A differs from A for the case & = 0 and m = 0 as regards the
transition points being encircled (cf. figures 2 and 3), we can, by analogy with the
treatment in §3b (i), obtain also the quantities #,, for £, = 0 and m = 0 (with due
regard to the sign of 7,,) by substituting into (3.19a—c) the appropriate values of the
moduli ¥ and the parameters o} and a2 and finally letting m — 0. This is performed
in the latter part of Appendix B, where we derive a single expression for #,,, which
covers the casest < —1 and —1 <t < +1 (cf. (B 6a—c) with (B 7)). In this section we
shall merely give the expression for 7,, obtained by substituting (B 7) into (B 6a-c).

When t < —1 we thus obtain

220\
No = —;(,C—f:) [(K(k)—E(k)], (3.300)
- —Li(k—/z)%{(lﬁ—i- 1) [K (k) — E(k)]— 2k2K (k)} (3.300)
2= 1on 2 \20 ’ :
= —1——1—(’“—/2)%{(5%8— 79k + 30k* — T9k2 + 56) [K (k) — E (k)]
s = 5880 1° \ 2
— 28k — 36k* — 36k2+ 28) k2K (k)}, (3.30¢)
where B2 = (t+1)/(t—1). (3.31)
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When —1 <t < +1 we analogously obtain
2 1
No = E(Qw)’{— [K(k)—E(k)]+ E*K (k)}, (3.32a)
B = L2k 1) [ () — B (k)] — K () (3.320)
2 12n k2R (2w)} ’
- 1 1 1 8 __ 6 4 2__ _
R (2w)%{(16lc 32k° — 120k + 145k* — 56) [K (k) — E(k)]
— (8% — 105k + 69k2 — 28) k2K (k)}, (3.32¢)
where k*=1t+1). (3.33)

We have here treated the quantization condition (3.2a), which is the particular
case corresponding to m = 0 of the quantization condition (4.115) in I, where |m| is
assumed to be sufficiently small but not necessarily equal to zero. We postpone the
treatment of the more general quantization condition (4.115) in I to the following
paper IV.

4. Energy levels obtained from the simple quantization condition
pertaining to &, = 1|m|> 0 expressed as series expansions for very weak and
very strong electric fields, and their relation to previously obtained series
expansions

In this section we derive series expansions for the energy levels for very weak and
very strong electric fields from the simple quantization condition (3.1) pertaining to
£, = L|m| > 0 with & #*D given by (3.21a—c). To see the possibility of obtaining such
expansions, we note that the analytical series expansions for the complete elliptic
integrals in powers of the square of the modulus, k%, and the parameters o and o2
converge rapidly when k? is a small quantity, which is indeed found to be the case
when W is an eigenvalue and the field is very weak or very strong. The quantities
F @D can thus be expressed as sums of powers of k2, a and & in various
combinations. The modulus and the parameters are defined in terms of the generalized
classical turning points a, b and ¢, which according to (2.2) and (2.4) can be expressed
in terms of m?, @ and W. The quantization condition (3.1) can then be solved with
respect to W, which will be obtained as a series expansion in powers of @ or w™* when
the electric field is very weak or very strong respectively. The algebra involved is
enormous, and the calculations were made possible by the use of the algebraic
programming system REDUCE. It will be instructive to relate these expansions to
the already available series expansions (see §§3 and 4 in II).

To carry out the calculations for obtaining the series expansions for W in the way
described above, we must first express the generalized classical turning points in
terms of m?, w and W. These expressions are obtained when we solve by iteration for
the zeros of the right-hand member of (2.2), which is rearranged to single out small
terms, proportional to w for weak fields, and proportional to 1/w for strong fields.

(a) Very weak electric fields

When the electric field is very weak, the equation for the zeros of @?(z), obtained
from (2.2), is conveniently written

2 = A1+ wF(2)], (4.1)
Phil. Trans. R. Soc. Lond. A (1994)
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1,2
where A% = W—:V‘l—_i—_—%ﬁ— (4.2)
2(1—2%)
d Fz)=22—"21 .
an (2) W+l (4.3)

With z =a (0 < a < +1) we obtain from (4.1) the equation
a=+A[1l+wF(a)]. (4.40)

Expanding the square root in (4.4a) in powers of wF(a), which is supposed to be
small, we can obtain the largest root a of equation (4.1) as a power series in w by
means of iteration. The intermediate root b, which for weak fields fulfils the
inequality —1 < b < 0, is obtained analogously from the equation

b=—A[1+wF () (4.4b)

by iteration. Finally, the root ¢ (< —1) is found by substituting the approximate
series obtained for the roots @ and b into the following relation between the zeros and
the coefficients of @%(z) (cf. (2.2) and (2.4))

c=—(a+b+(W+1)/w). (4.4c)

With the expressions for a, b and ¢ obtained as described above, the quantities k2,
o? and aj can according to (3.9), (3.13a) and (3.13b), respectively, be expressed in
terms of m?, w and W. Thus, we find that £? is approximately proportional to w for
very weak fields, and

O<k<al<l, (4.5a)

—at> 2. (4.5b)

Consequently, K(k) and E(k) can be expanded in powers of k* according to (A 16) and
(A 17), respectively, and the series expansion (A 19) is appropriate for both I1(a}, k)
and IT(c2, k).

Substituting these series expansions into (3.3) with (3.21a—c) and (3.19a-¢), and
solving the resulting equation with respect to W, we get

iy (LMD 1= 5 (G D) | 163 /(16 +17])
TR 3G+ e Lags
(4.6)
where j = n+|m|. 4.7

The term which is independent of w and the first contribution to the term
proportional to w? in the right-hand member of (4.6) originate from the first-order
phase-integral approximation. The second and third contributions to the term
proportional to w? in (4.6) originate from the third- and fifth-order phase-integral
approximations, respectively. Thus, the first-, third- and fifth-order approximations
contribute to the coefficient of w? in (4.6). It is seen from equation (3.2b) in IT that
this coefficient does not coincide with the corresponding one in the Rayleigh—
Schrodinger perturbation series. If, which seems reasonable, phase-integral
approximations of all orders contribute to this coefficient, i.e. if the contributions
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proportional to w? in (4.6) are regarded as the first three terms in a series, where the
following terms are assumed to originate from successively higher orders of the
phase-integral approximation, the question arises whether these terms, for infinite-
order approximation, will sum up to a result, which is equal to the second term in the
Rayleigh—Schrédinger perturbation series for weak fields. It seems plausible that this
is the case, since the correction of second-order Rayleigh—Schrédinger perturbation
theory, given by equation (3.2b) in II, can be written as follows

1=3m*/[j+1)] _ 1-12m*/{2(j+D) -1}

204j(j+1)—3] 8[(j+2)*—1]
- (% > <j+%>—2")(1—12m2 > [2<j+%>]'2")

=1( I S )
S\(j+3)? (+D* (+ds T
_3_m2( t 5 2t )
8 \(j+1)* 4(+d° 16(j+3°
_1=3m3/(j+1)?  1—16m2/[4(j+1)?] | 1—63m?/[16(j+1)*] N
S 8(j+Y? 8(j+3)* 8(j+3°
(4.8)

and the first few terms in the expansion (4.8) are seen to reproduce the coefficient of
w? in (4.6).

Neither the expression for W, obtained by retaining in the Rayleigh—Schrédinger
perturbation series for very weak fields the first two terms, nor (4.6) give particularly
accurate energy levels unless the field is extremely weak. However, by solving the
quantization condition (3.1) with (3.21a—¢) and (3.19a—c) numerically, we obtain
already in the first order of approximation very accurate values of the energy levels,
and, as soon as the field is not extremely weak, perturbation calculations of very high
order are required to obtain this accuracy.

(b) Very strong electric fields

For very strong electric fields the equation for the zeros of Q?*(z), obtained from
(2.2), is rearranged as follows

m?/w
=—1 , 4.9
‘ =2 e—1+7) “9)
where 7y, defined by

W+ /o =—1+7, (4.10a)

can be expanded as follows (cf. equation (4.28) in 1I)
Y=y, 0 iy, 0 y 0 (4.10b)
and y,;, ¥,, Vs, ... are coefficients that are independent of w. The root ¢ (< —1) is

obtained from (4.9) by iteration. According to (2.2), (2.4) and (4.10a) the roots a, b
and ¢ of (4.9) are related to v by the identity

—2+(1—y)2+z—(1—y+m?/w) = (a—=2) (z—b) (z—¢), (4.11)
Phil. Trans. R. Soc. Lond. A (1994)
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Rotation of dipole molecule. 111 51
from which the following relations between roots and coefficients are obtained
a+b+c=1—7y, (4.12a)
abc = —1+y—mlPw™. (4.12b)
By solving (4.12a,b) with respect to a and b we find that
a=—§y+o—1)+[Gy+o—1)*—(y—m*/w—1)/cF, (4.13a)
b=—i(y+e—1)=[G(y+e—1)*—(y—m*/w—1)/c]. (4.13b)

By using (4.13a, b) with ¢ obtained by iteration from (4.9) with z = ¢ we conclude
that both k* and a? are approximately proportional to the small quantity w™*. Then
the complete elliptic integrals K(k), E(k) and II(a2, k) have the series expansions
(A 16), (A 17) and (A 20) respectively. Analogously we find that, since —a2> 1,
(A 19) is the appropriate series expansion for IT(aZ, k).

By analogy with the treatment of very weak fields in §4a we substitute the series
expansions obtained above into the quantization condition (3.1) with (3.21a—¢) and
(3.19a—c). By solving the resulting equation with respect to W, we obtain

1 N 1
— 2 1 2__ — J— 2__ — 2
W=—w+Nortv/24+3(3m?*—1) N2)+64\/2(3(3m 1)—N)w
__1__ — 4__ 2 2__ _ 4y, —1
+2048( 3(11m*—14m>+3) + 34(3m*— 1) N> — 5N w
L — 4__ 2 2 _ 4 _% —9
+32768\/2( 3(271m*—574m? + 135) +410(3m?— 1) N2 —33N*) w2+ O(w™?),
(4.14)
where N =2n+|m|+1. (4.15)

The terms proportional to ', w* and «° in the right-hand member of (4.14) originate
from the first-order phase-integral approximation. The third-order approximation
contributes to (4.14) with the term proportional to w™* and part of the term
proportional to ™!, and the whole expression (4.14) is obtained in the fifth-order
approximation. The expansion (4.14) is identical with the result obtained by means
of fourth-order perturbation calculation as is seen from equations (4.28) and
(4.29a—f) in II. However, by solving the quantization condition (3.1) with (3.21a—c)
and (3.19a—c) numerically, we obtain eigenvalues with an accuracy, which is by no
means achieved by using the fourth-order perturbation series, especially when the
field is not very strong.

5. Survey of the accuracy: conclusions

The simple quantization condition (3.1) for &, = |m| > 0, with &£ @+ given by
(3.21a—c), as well as the quantization condition (3.2a) for £ =0, m =0 and its
limiting form, the simple quantization condition (3.2b), with Z@*D given by
(3.22a—c) or (3.24a—c) and 7, given by (3.30a—c) or (3.32a—c), were solved numerically
in the first, third and fifth order of the phase-integral approximation by means of a
standard iterative routine. For evaluating the complete elliptic integrals appearing
in & @+ and 9,, very rapid standard library routines were used. The calculations
were carried out on a VAX-11 computer in double precision, which gives an accuracy
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Figure 4. Detailed plots of the dependence on w of the magnitude of the absolute error 4 in the
approximate energy eigenvalue W obtained from (3.1), with the definition (5.1) for the quantum
numbers |m| = 2 and » = 2 in the first, third and fifth order of the phase-integral approximation.
Dotted/solid lines indicate that the exact eigenvalues are greater/less than the phase-integral
values. (a) First order, (b) third order, (¢) fifth order.

of at least 15 digits. The time of computation required for obtaining a single
eigenvalue amounts to some 10 ms. To assure the correctness of the expressions for
& @) and #,, in terms of complete elliptic integrals, given in §3, some eigenvalues
were also calculated from the original quantization conditions with £ ®*V and 7,
given by (3.3) and (3.28), respectively, and thus not transformed to complete elliptic
integrals. The eigenvalues thus obtained were found to agree within machine
accuracy with those obtained with % ®*V and 7,, expressed in terms of complete
elliptic integrals, but the time of computation was about 100 to 1000 times longer.

The eigenvalues obtained from the above-mentioned phase-integral quantization
conditions were compared with sufficiently accurate numerical reference values
obtained by means of the bisection method with the Sturmian chain and Richardson
extrapolation when |m| > 2 and by means of a Priifer transformation and a shooting
method when |m| is equal to 0 and 1.

The diagrams in figure 4 for the particular set of quantum numbers |m| = n = 2
have been picked out to demonstrate in detail the dependence on w of the magnitude
of the absolute error 4 [not to be confused with the phase (3.26)] in an eigenvalue W,
e 4 = |accurate eigenvalue W —approximate eigenvalue W], (5.1)
in the first, third and fifth order of the phase-integral approximation. The narrow
minima in 4, which are not very essential in practice, can be disregarded by
constructing a smooth envelope, which connects with the original curve in such a
way that the true values of 4 are always less than or equal to the values indicated by
the envelope. By comparing figure 4a—c with figure 7¢, the idea behind the
construction of envelope curves can be fully understood. In figures 5-10 such
envelopes demonstrating upper bounds for 4 against w are plotted for some quantum
numbers |m| and n in the first, third and fifth order of the phase-integral
approximation.

In all orders of approximation and for all combinations of |m| and n that have been
investigated it is obvious that, from being exact at w = 0 (due to our choice of base
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Figures 5-10. Smooth envelopes representing the dependence on w of 4. Narrow minima, such as
those in figure 4, are neglected, and the true values of 4 are always less than or equal to the values
indicated by the envelopes.

In figure 5, where m = 0, the solid, dashed and dotted envelopes, which are indicated by 1, 3, 5,
refer to the simple quantization condition (3.2b) in the first, third and fifth order of the
approximation, respectively. Analogously, the envelopes indicated by 1°, 3’, 5 refer to the
quantization condition (3.2a).

In figures 610 for the quantum numbers |m| = 1, 2, 3, 4 and 5, respectively, the envelopes refer
to the simple quantization condition (3.1) in the first, third and fifth order of the approximation.
In all figures » = 0(a), 1(b), 2(c) and 5(d).

function) and excellently accurate for very small values of w, the eigenvalues become
less accurate in the region of intermediate values of w. In the first-order
approximation 4 is almost constant when o is greater than a certain value, which
depends on the values of |m| and ». In the third- and fifth-order approximations,
however, 4 exhibits a pronounced peak in the centre of the intermediate region and
decreases again for larger values of w. For fixed quantum number |m| and increasing
quantum number » this peak is displaced towards larger values of w. For fixed n the
accuracy of W increases with increasing |m| for small and intermediate values of w.

In general, except for the case when m = n = 0, the accuracy of W improves with
increasing order of approximation (at least up to the fifth order). When we use the
simple quantization condition (3.2b) for m = n = 0, the contrary is the case to the left
of the peak, i.e. in the region of small and intermediate values of w. Furthermore,
when m = 0 and n > 2 (3.2b) is useless in the region of the peak. This deficiency is
removed by the use of the more general quantization condition (3.2a). The
corresponding curves, plotted in figure 5 together with the ones pertaining to the
simple quantization condition (3.25), are seen to cross the latter ones well below the
peak. It is, however, obvious that the quantization condition (3.2a) should be used
only in the regions of the above-mentioned peaks. We recall that the simple
quantization condition (3.2b) is obtained as a limiting form of the quantization
condition (3.2a) when ¢ recedes from the pole at z = —1 (cf. figures 2 and 3). The
energy eigenvalues obtained from the simple quantization condition (3.2b) are thus
expected to be least accurate when ¢ is located close to —1, which according to (2.7)
occurs when o is close to W+1. This is the condition for the location of the peaks in
figure 5 when £, =0 and m = 0, and we find empirically that the same condition
predicts the location of the peaks also for the simple quantization condition (3.1)
pertaining to £ = 1|m| > 0 (see figures 6-10). In figure 11 the quantity W+i—o is
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Figure 6. For details see figure 5 caption.
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Figure 7. For details see figure 5 caption.
0,
10%) (@) (b)
A Ist 1st
107
/\31'(1 3rd
10710 Sth Sth
100 )
A ¢ TS—t @ Ist
1075 /\3ml 3rd
1010 / 5th 5th
1073 10° 10° 107 10° 10

] )
Figure 8. For details see figure 5 caption.
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Figure 9. For details see figure 5 caption.
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Figure 10. For details see figure 5 caption.

plotted against w for the first 21 energy levels. Each curve is associated with an
energy level indicated by the pair of quantum numbers (j, |m|) and the intersection
with the w—axis thus defines a value of w in the region around which the
quantization condition (4.11a) in I for §, = §|m| > 0 or the quantization condition
(4.11b) in I for &, = 0 should be used. If m = 0 this rule applies to the quantization
condition (3.2a), and the expressions (3.30a—c) and (3.32a—c) for ,, are applicable for
values of w to the left and to the right of the point of intersection respectively.
The accuracy of the energy eigenvalues W obtained by means of the simple
quantization conditions (3.1) and (3.2b) is for very small values of w found to be fully
sufficient for probably all conceivable purposes already in the first-order phase-
integral approximation. An analogous statement holds for very large values of w in
the third-order phase-integral approximation. The approximations are least good in
the intermediate region of w-values (cf. figures 5-10). When m = 0 it is advantageous,
and if m = 0 and n > 2 even necessary, to make use of the quantization condition
(3.2a), and not its limiting form (3.2b), to make the approximations useful in the
whole intermediate region. The accuracy of W in the fifth-order phase-integral

Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

a
Y |
A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

BARARIASARIAREY

00) (L) (1.0) 22)@21) 20) B3HBABHEO (“4E3E2) 41) (@055 (54) (53 (52) () (50)

Figure 11. The quantity W+1—w plotted against w for the first 21 energy levels, indicated by the
pair of quantum numbers (j, [m|). For each energy level (j, |m|) the intersection of the associated
curve with the w-axis defines a value of w in the region around which it is favourable to use the
quantization condition (4.11a) in I for £, = |m| > 0 or the quantization condition (4.116) in I for
&, = 0. If m = 0 this rule thus applies to the quantization condition (3.2a), where the expressions
(3.30a—c) or (3.32a~—c) for y,, are applicable for w-values such that W+1—w is greater than or less
than zero respectively (see (2.7)).

approximation is then probably sufficient for most purposes when m = 0, possibly
with the exception of the state m = n = 0. When we use the simple quantization
condition (3.1) for m # 0 the intermediate regions are less troublesome. If, however,
there is need for still better approximations in the intermediate region, which may
be the case for small values of |m|, it is advantageous to use the quantization
condition (4.11a) in I; this quantization condition will be investigated in IV. When
extremely high accuracy is needed for intermediate values of @ a numerical method
is preferable, but one must be aware of the fact that the use of a numerical
integration routine may require a considerable time of computation. Moveover, by
solving phase-integral quantization conditions in approximations of order larger
than 5, one will probably increase the accuracy for all values of w to a certain extent.
Although the quantities £ #** seem to be too complicated to be expressed in terms
of complete elliptic integrals for such orders of approximation, they can still be
evaluated by numerical integration.

In figure 12 the first 21 energy levels are plotted against w. Similar figures have
been produced before, usually by exact solution of the Schrédinger equation (cf. §1
in I) since in the region of intermediate values of w the conventional perturbation
calculations are more or less inadequate (see, for example, Peter & Strandberg 1956 ;
von Meyenn 1970). Because of the great accuracy of the phase-integral ap-
proximation, which for small values of  is a consequence of our judicious choice of
base function, the entire energy spectrum can be obtained without the use of
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Figure 12. The first 21 energy levels, indicated by the pair of quantum numbers (j, |m/|), are plotted
against .

complementary calculations, and figure 12 has thus been obtained wholly within the
framework of this paper.

An alternative quantization condition, which was obtained by means of
comparison equation technique, is given by equation (5.39) in I. With & #5*V defined
according to (3.3) and preferably expressed in terms of complete elliptic integrals, we
can easily obtain the energy levels by the same iterative routines, which we use to
solve the quantization conditions (3.1) and (3.2b). The quantization condition (5.39)
in I has thus been tested numerically and was found to yield essentially the same
accuracy of the eigenvalues W as the simple quantization conditions (3.1) and (3.20).

Previous attempts to obtain the energy levels for a linear rigid polar rotator in a
homogeneous electric field (cf. §1 in I and §5 in II) clearly indicate that there is need
for a method yielding very accurate eigenvalues for all values of the electric field
strength. This is accomplished as we have shown in this paper, by using the phase-
integral quantization conditions derived in I.

I express my gratitude to Professor Nanny Froman and Professor Per Olof Froman for suggesting
the problem and for stimulating discussions and constructive criticism of the manuseript. I am also
indebted to Dr Finn Karlsson for fruitful discussions and to Anders Hokback for valuable
advice concerning the numerical calculations.
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58 K. Larsson

Appendix A

In this appendix are collected, chiefly from Byrd & Friedman (1971), some
formulas that are needed in this paper.
The normal elliptic integrals of the first, second and third kinds are defined by

d9
Fok)=| ————, Al
(@ k) J:(l—kzsin%?)i (A 1a)
P
E(p, k) = f (1 —k?sin®9):d ¥, (A 2a)
0

dd
H 5 2,k = 15
. % k) J:(l—oczsinzﬁ)(l—k2sin2z9)§

where k is the modulus of the elliptic integrals and «? is the parameter of the elliptic
integral of the third kind.

When ¢ = jn the elliptic integrals are said to be complete, and the following
notations are then used

(A 3a)

K(k)=F@3n, k), (A 1d)
Ek)=E@Gn, k), (A 2b)
I(a? k) = HI(in, o2, k). (A 3b)
Introducing the variable
u=F(p,k) (A4)
one defines the jacobian elliptic functions as follows
snu = sing, (A 5)
cnu = cosQ, (A 6)
dnu = (1—k?sin®):. (A7)
They fulfil the relations
sn®u+cn?u =1, (A 8)
Esn?u+dn’u = 1. (A9)
introducing the complementary modulus %', related to the modulus by
K?=1—k? (A 10)
one readily obtains the following alternative relations
dn?u—k*en?u = k%, (A 11)
k?sn?u+cn®u = dn®u. (A 12)

Differentiation of the jacobian elliptic functions with respect to « yields

d(sn%)/du = cnudnu, (A 13)
d(enu)/du = —snudnw, (A 14)
d(dnwu)/du = —k?*snucnu. (A 15)
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The complete elliptic integrals of the first and second kinds have the following
series expansions

0 2
Kk)=in 2 (%) N P (A 16)
m=0 m!
E(k) = in 5 1 ((1/2—m)m em k<t (A 17)
2o 1—2m m! ’ ’
the Pochhammer symbol (z),, for arbitrary z being defined by
()o =1, (A 18a)
m—1
@)m = 1II (z+j), m=>1. (A 18b)
3=0 :

When k% < 1 and —a? > 1 or when k* < |—a?| < 1, the complete elliptic integral of
the third kind has the series expansion

(o k) = ;} Cp KE™, (A 19)
m=0
where ¢o = T/[2(1—a2)], (A 19a)
1
¢ =1%((-1—_—a—2)-%—1), (A 19b)
1/2—m),\*
2(m+1)azcm+1=2(27:_1)(( /m!m)'") +(1—2m)e,,_,

+(2m+14+2ma®c,,, m=1. (A19¢c)

Alternatively, when k* < 1 and |—a?| < 1 the complete elliptic integral of the third
kind has the series expansion

et ky=in 3 & @D pogpoymes (A 20)

07047 (m1)? (1)
The complete elliptic integral IT(a?, k) is singular when a? = 1, but the singularity is
so weak that
lim (1 —o?) II(a?, k) = 0. (A21)
a®>1
When o? = k? the complete elliptic integral of the third kind reduces to
Ik k) = E(k)/ k2. (A 22)

Appendix B

In this appendix we shall first obtain the quantities & #*V for £, =0 and m = 0
from the expressions (3.21a—c) for & #*V pertaining to £, = i|m| > 0 by letting
m->0, and then we shall show that also the quantities 3,, for £, = 0 and m = 0 can
be obtained analogously. To this end it is for §, = 0 convenient to write the square
of the base function, given by (2.6), in the form

Q*(z) = w(1—2) (z+1) (z—1)/ (12" (B 1)
Phil. Trans. R. Soc. Lond. A (1994)
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60 K. Larsson

By comparing (B 1) with (2.4) it is obvious that the zeros a, b and ¢ pertaining to
£, = 3Im| > 0 correspond, in the limit when m— 0, to

a=1, b=—1, c¢c=t if t<—1 (B 2a)
a=1, b=t, ¢c=—1, if —1<t<+1. (B 2b)

We now turn to the problem of obtaining the quantities & ®**V for £ = 0 and m = 0.
According to (3.9) and (3.13a, b) the limiting values (B 2q, b) yield

B=2/1—t), a?=1, ad=—o0, if t<—1 B 3a)
1 2
BR=Y1—t), o=k, al=—o0, if —1<t<+1. (B 3b)

All terms in the expressions (3.19a—c) for gV (k, a2, a2) are found to be finite in
the limit when m — 0, and in particular it is obvious from the definition (A 3a,b) in
Appendix A that [I(a3, k) then vanishes. Furthermore, the term containing 7(a2, k)
tends to zero when m—0 in both cases { < —1 and —1 <¢<+1 (cf. (A21) and
(A 22)).

Despite the fact that the explicit presence of o? in g®*V(k, a2, a2) for £ = 0 and
m =0 is wholly dependent upon the use of (B 1) instead of (2.6), it may be
advantageous not to substitute the values of af given by (B 3a, b) into (3.19a—c),
since the two separate cases t <—1 and —1 <¢<+1 are then covered by one
expression for & **Y namely

LD = lim g0, o, o)

oc; —>—00

_2 (2‘"“?)5{_@; (K (k)= B(k)] + [(K* +1) o} — K] K (k)}, (B 4a)

o 2
ai\ k

Z® = lim g(k,ol,al)

1 k2 % 2 2 4 2
=W(m) (k2 + 1) o2+ (k* — 4k% + 1)) [K (k) — E (k)]
— (201 — (k*+ 1)) K’K}, (B 4b)

L® = lim ¢®k, a2 al)

= W (2—(’2‘—?) {(— (2k° — 298K° — 1200k* — 2982 + 2) a®

— (303k® + 2385k + 2385k* + 303k?) ot

+ (425 — 186k + 1716%° + 223215 + 1716k* — 186k%+ 42) o

— (56K —271k'2 + 546k'° + 565k° + 565k° + 546k* — 271k?

+56)) [K(k)— E(k)] + (— (89K -+ 80Tk* + 807k? + 89) o

+ (90k® + 1254k° + 2688k* + 1254 k% + 90) o}

— (2110 4 444k° + 2223k5 + 2223 %* + 444 k> + 21) o2

+ (28K — 132K + 750K + 500k° + T50k* — 132k2 + 28)) k2K (k)}, (B 4¢)
where either af = 1 or o} = k? in accordance with (B 3a, b).
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We shall now obtain expressions for the quantities 7,, pertaining to §, = 0 and
m = 0 analogously. As is seen from the definition (3.28), 7,, resembles & 5tV except
for the contour of integration and a constant factor. We conclude from (B 1) and (B
2a, b) that the contour A of y,,, depicted in figures 2 and 3, encircles the counterparts
to ¢ and b. We now assume that @?(z) is given by (2.4). By calculations analogous to
those in §3a for obtaining the quantities £ %1 pertaining to £, = 1|m| > 0, we find
that also the quantities 7,, for £ = 0 and m = 0 can be expressed in terms of the
functions ¢®*V(k, a2, ), given by (3.19a—c), the values of the moduli £ and the
parameters a2 and a? being defined with regard to the zeros encircled by A. It is thus
possible to obtain 7, for £, = 0 and m = 0 by substituting the appropriate values of
k, a? and o2 into the function g®**V(k, a?, a2) multiplied by the convenient constant
factor, and finally letting m—0. We now find from (B 2a,b) and §233 in Byrd &
Friedman (1971) that

B =(t+1)/(t—1), al=k, ai=1, if t<—1 (B 5a)
R=1(t+1), a?=£k% al=o0, if —1<t< +1. (B 5b)

We note that because of (B 5a,b), (A 3a,b), (A21) and (A 22) the terms in the
right-hand member of (3.19a), which contain complete elliptic integrals of the third
kind, vanish in both cases t < —1 and —1 <t < +1. We also recall that according
to (B 5a,b) 1/a2is equal to 1 for t < —1 but equal to zero for —1 < ¢ < +1, while a2
is equal to k% in both cases. The quantities #,, can then for both cases be written

1..
mo = ——limg®(k, k%, o)

2/ 20 \ 3
_ E(_—1—_7)%2-) (— [K(k)— B(k)]+ (1— B) kK (k). (B 6a)

1
Ny = +Elim gDk, k2, o)

I I N L PP
_EEW(T){((% 1) —(k*+2k*—2) B)

X [K(k)— E(k)]— (1 — (2k* — 1) B) k*K (k)}, (B 6b)

Ny = —%lim g (k, k?, o2)

— B2\
_ 28;% k;c,e(l Qf’“ ) (((16K* —32K5 — 120k5 + 145k2 — 56)

— (56K — 2472 + 43510 — 446k° — 430%° — 564 + 392k* — 112) §)
x [K (k) —E (k)] + (— (8k° — 105k* + 69k? — 28) + (28k'2 — 120k1°
+1564° -+ 8k° — 2614* -+ 189k — 56) B) k2K (k)}, (B 6¢)

where the symbol ‘lim’ indicates that a2—>1ift <—1and af—>o0 if —1 <t <+1,
and where

f=

if t<-—1
{1 if t< , (B7)

0 if —1<t<+1.
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Appendix C

To obtain estimates of the zeros of the square of the base function when
&, =3|m| > 0 and » > 0 we conveniently write (2.2) as follows (cf. (2.4))

Q*(z) = wP(z)/(1—-2")?, €1

Ei)—_’mf= (@a—2)(z—b) (z—c), (C2)

1
where P(z) = —23——WT+‘3Z2+z+

the zeros of Q?(z) being denoted by a, b and ¢ (see figure 1). The zeros are obtained
as the roots of the equation.

wz+ W+i—m? =m%2/(1—22%). (C3)

From graphical representations of the functions in the two members of (C3) a
number of conclusions can be drawn. For fixed w > 0 there is always one real root in
the interval — o0 < z < —1, and there are two real roots in the interval —1 <z < +1
when W is larger than a certain critical value, W,, which depends on m? only. For this
critical value P(z) has a double root in the interval 0 < z < 41, and consequently P(z)
and its derivative with respect to z have a common zero in the interval 0 < z < 41,
which is given by

2= —(W,+1/B0)+ (W, +1)/(30))* +3F. (C4)
This quantity must fulfil the inequality z < + 1, from which it follows that
W, +1)/w>—1. (C5)

Substitution of (C 4) into the second member of (C 2) yields the equation
[(W,+3)/(3w)* +3 = (W, +3)/(30))* + (W, +1)/(3v) —m?/(20) = 0. (C6)

As (W,+1)/v increases from —1 to + oo, the expression on the left-hand side
of (C6) increases monotonically from —m?/(2w) to +o00. When m # 0 it is thus
precisely one value of (W,+3)/w which satisfies (C 6) and also fulfils the inequality
(C5). The equation (C3) is thus seen to have two real roots in the interval
—1 <2z <+1 when (W+3)/w satisfies both of the conditions

W+Y/w>—1 (C7)

and (W +1)/0)?+3F—(W+1) /) +9W+1) /o >2—27an (C8)

Then the two roots z = b and z = a of equation (C 3) fulfil the inequality
—l<b<a<+l1. (C9)

From the graphical representations of the functions in the two members of (C 3) it is
then obvious that a is positive, whereas b may be positive or negative but must
satisfy the condition

1] < a. (C 10)

According to the conclusions below (C 3) it is obvious that

-0 <c<-—1. (C11)
Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

Py
/,// \\
J

A
( P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Rotation of dipole molecule. 111 63
To obtain further estimates of ¢ we use the relation
a+b+c=—(W+h/o. (€ 12)
From (C 12) and the inequalities (C 9) and (C 10) we conclude that
—2—(WH+h/w<c<—(W+})/ow. (C13)
Furthermore, by substituting z = —1 into (C 2), we obtain the following equation
(1+a)(1+4b)(14+c¢)=—m?/w. (C 14)
By solving (C 14) with respect to ¢, we get
c=—1—(m?/w)/[(1+a)(1+b)]. (C 15)
By means of (C 15) and the inequalities (C 9) and (C 10) we find that
¢ < —(14+m?/4w). (C 16)
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